We present an analytical solution for the projectile coplanar motion under constant drag parametrised by the velocity angle. We found the locus formed by the apices of the projectile trajectories. The range and time of flight are obtained numerically and we find that the optimal launching angle is smaller than in the free drag case. This is a good example of problems with constant dissipation of energy that includes curvature, and it is proper for intermediate courses of mechanics.
I. INTRODUCTION
Projectile trajectory under constant drag has deserved a lot of attention in literature, not only as it appears as a common problem in undergraduate physics and can be given recent exact analytical results and new analysis [1] [2] [3] [4] [5] . The power-law velocity dependent drag
with v = || v||, is a series approximation for the real complex problem. The linear, n = 1, and quadratic, n = 2, cases are of much used, not only for the analysis of the motion of a particle in midair but as well to model other energy dissipation process. In the quantum scales, n = 1 is a usual model for the energy losses [6, 7] .
Notwithstanding the usefulness of linear approximation, and that allows analytical solutions for the projectile motion, equation (1) have another case: n = 0, the constant drag case. It is not trivial if, as it is usual, the projectile motion is coplanar, i.e., the vector v/v changes with the orientation of the orbit. [21] This case has deserved few attention, the only reported work we found are [8, 9] .
There is not evidence that exists a regime where the drag could be considered constant, however the problem studied here is important for the following reasons:
i) A series expansion for a retarding force has to have a no null zeroth term, take for instance, the integrable Legendre cases
where the constant a = 0 appears [10] . ii)
The motion of an object in a non-newtonian fluid with yield stress could be constant, see for instance [11] , i.e., the problem of a particle launched in oil or liquid chocolate contains this constant term. Even more, spheres into loose granular media are another example of an object moving in a fluid with presence of yield stress [12] . iii) As an undergraduate problem, a constant retarding force could be considered as a point rocket with the thrust pointed against the motion. iv) As a simple example of friction that depends on the curvature.
In the present paper we analyse such a case, obtaining both the explicit solutions of the problem in the next section and the description of the locus which give title to this work. We discuss the range and the time of flight are given in section III B. Conclusions are presented in section IV.
II. THE PROJECTILE PROBLEM WITH CONSTANT DRAG
The constant drag problem is governed by the following equations in rectangular coordinates
Notice that the friction is constant in the direction of motion, i.e., it changes with velocity. We nates
Here, we use a dot for a time derivative. The above equations are coupled and non-linear.
However an analytical solution parametrised with the velocity angle can be obtained. Some other results require of standard numerical methods [13] . The solutions presented here for
x and y do not requiere of any further numerical integration.
III. EXPLICIT SOLUTION
PARAMETRISED BY θ.
In order to obtain a solution of the problem (4) we first change the equations for normal, n, and tangent, t, coordinates to the motion, hence, the corresponding force components are
and
If the mass is constant, we obtain
where ρ = −ds/dθ and, s is the arc length. The last equation can be written as
with the help of the chain rule: ρ = −ds/dθ = −(ds/dt)(dt/dθ). Equation (7) for the tangent acceleration can be modified with the same rule and using (9) the result is
For the initial conditions v(t = 0) = v 0 and θ(t = 0) = θ 0 , we solve this first order differential equation obtaining
with
The solution for time is
being η = (cos θ/2 − sin θ/2)(cos θ/2 + sin θ/2), (13) and η 0 ≡ η(θ 0 ).
Using a similar procedure we obtain
So, (12), (14) and (15) are, formally, the solutions to the problem (4). Unfortunately, explicit inversion of t(θ) is hard (if not imposible).
Notwithstanding, these solutions are analytical and no additional integration is requiered. In search of an explicit time dependent solution homotopy analysis method could offer a guide as it was the case of quadratic drag [1] .
In order to establish that previous expressions are as useful as the time parametrisation we shall use them to plot the usual graph of x(t) and y(t) as well as the iconic y(x)(see 2). For comparison, we rewrite the free drag solutions as function of θ, the results
are obtained by solving (7) and (8) It is an exercise to check that the previous expression are the familiar solutions of parabolic motion.
First we explain the solutions in angle parametrisation. To this end we draw equation (17) and (18) .
In figure (2)c) time solutions are presented for x(t) (upper graphs) and y(t) (lower graphs).
Using (14), (15) and a simple computational program we can write the x(t(θ)) and x(t(θ)) data and plot it. We do that and we present the results for the same drag values and color code. 
A. The locus of the apices
The solution in terms of the angle could be hard to handle but gives a straightforward for a particular locus: the locus formed by all the apices for initial launching angle θ 0 . The cases for no drag [15] [16] [17] and linear drag has been studied previously [18] [19] [20] .
The apex for each orbit is obtained by setting θ = 0 for x and y in (14) and (15) as can be seen at figure (1). After rearranging factors in these equations and using (cos θ 0 /2 − sin θ 0 /2)(cos θ 0 /2 + sin θ 0 /2) = cos θ 0 [22] , the locus is written as
In figure (3 
is shown for comparison. We add three orbits, those corresponding to launching angles This problem serves as a good example for introduce undergraduate students to problems with curvature and retarding forces, beyond the problem of an inclined plane with constant friction.
